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Abstract-The main result of this paper is to show oscillations of nonlinear impulsive delay differ- 
ential equations are equivalent to those of corresponding linear impulsive delay differential equations. 
The results of this paper generalize some well-known results in the literature. @ 2002 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
The impulsive differential equations are adequate mathematical apparatus for simulation of pro- 
cess and phenomena observed in control theory, physics, chemistry, population dynamics, biotech- 
nology~ and industrial robotics (see [l]). Due to this reason, in recent years, they have been an 
object of active research (see [a-11]). We shall note that, in spite of the great number of investiga- 
tions of impulsive differential equations, their oscillation theory has not yet been elaborated like 
that of nonimpulsive delay differential equations. In [12], Gyiiri and Ladas studied the linearized 
oscillation of nonimpulsive nonlinear delay differential equations. In this paper, we will study the 
linearized oscillation of the impulsive differential equation 
z’(t) + $&)f,(r(t - r%(r))) = 0, t # tk, 
i zz 1 (1) 
2 (t;) - z (tk) = lk (x (tkff t k= 1,2,.... 
The associated linear equations and inequalities of (1) are 
z’(t) -+ &&)z(t - Q(t)) = 0, 
i=l 
t # tkc, 
2 (t;) - x(tk) = rk(x(tk)), k = 1,2,.... 
(2) 
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z (g-) - z th) = I, (x (h”)) I k = 1,2,.. 
X’(t) + 2 p,(t)Z(t - Ti (t)) = 0, t # h, 
i=l 
z (t;) - 5(&) = bkx(tk). k = 1,2,.. 
(3) 
. * 
(4) 
(5) 
In this paper, we assume the following. 
(Al) 0 5 to < tl < t2 < --. < tk < ~0. are fixed points with limr;_.,Wtk = co, 
(AZ) pi E C((~~,CG), Rff, ri E C([to,m), Rf), and limt_m {t - ~-i(t)} = cc, i = 1,2,. . . ,n. 
(A3) I&) E C(R,R), Ik(O) = 0, k = 1,2,. . . . 
(Ad) IIk(x)I 5 bkjd. 
(As) bi; > 0, k = 1,2,. . . , and nl<k<oo (1 + bk) < 00. 
- (&I St” C:t”=, R(S) ds = cm. 
(h) ~~(~)~ > Q for P # 0. 
(As) Ik(z) is not decreasing, k = 1,2, . . . . 
For any (T 2 to, let 
and let PC, denote the set of functions 4 : [ra, IT] --+ R which are real-valued absolutely continuous 
in (fnr 0) I”l (tk, tk+lj and at i&. situated in (r,, 01 may base discontinuity of the first kind. 
DEFINITION 1. For any D > to and # E PC,, a function y E ([T,, 00) -+ R) denoted by y(t, a,$) 
is said to be a solution of (I) on [a, cm) satisfying the initial sahe condition 
Y(t) = 4(t)? t E [hU], 
if the following conditions are satisfied. 
(i) y(t) is abso~n~e~y continuous on each interval (tk, tk+l) C [ra, 00). 
(ii) For imy tk c! [(T,m), g(t$), g(tk) exist and satisfy y(t;) = y(tk), for k = 1,2,. . . . 
(iii) I satisfies (1) a~~~ost ever~~vhere in [a, CQ) and at im~u~sive points tk sj~ua~ed in [cr, 00) 
12~~7 have discontinuity of the first kind. 
DEFINITION 2. A solution of (1) is said to be nonoscillatory if it is either eventually positive or 
e~~erjtua~~~~ negative. Otherrvise, it is cadged oscii~a~or~ 
a 
Similarly, we have definitions of solutions of (2)-(5). 
2. MAIN RESULTS 
In this section, we establish theorems which enable us to reduce oscillation of (1) to that of 
linear impulsive equation. At the same time, an equivalent condition for oscillations of (1) 
and (5) is established. 
We first give some lemmas which are useful in proving theorems. 
LERIhlA 1. Assume that ~A~~-~A~~ and (‘Asj hold, jf (3) h as an eventually positive so~utjo~ x(t), 
(2) alld (4) have eventually positive solutions g(t) and z(t), which satisfy a(t) 5 y(t) 5 z(t) for 
suficie~2tly large t. 
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PROOF. We assume that z(t) is an eventually positive solution of (3), then there exists k such 
that z(t) > 0 and t - 7$(t) > to, for t 2 tk - rO, i = 1,2,. . . , n. Set 
z(t) = y(t) = s(t), tk - T, 5 t < tk, 
then 
y @k+) = $/ (tk) + Ik (y (tk)) = 5 (tk) + Ik (X(tk)) = X (t;i’) , 
c” (q) = 2 (tk) f Ik (2 (fk)) = x (h) + I, (z (Q.)) = x (tk+) . 
According to Theorem 3.2.1 in 1121, we have 
z(t) 2 Y(t) L x(t), tk < t < tk+lr 
and 
Similarly, we have 
By induction, 
!/ (t:+,f+l) = Y (tk+l) + Ik+l (5, (tk+l)) 2 x @;+I) . 
z K+J 2 9 @k++J. 
ltence, 
z(t) 2 y(t) 2 4q7 for t 2 tl;. 
The proof of Lemma 1 is complete. 
LERIIVIA 2. Assume that (AI)-(AJ) and (As) hold! if (3) has an eventually positive solution s(t), 
(~5) has an eventually positive solution y(t), which satisfies y(t) 2 z(t). 
PROOF. It is ecasy to see that there exists Ic such that x(t) > 0 and t - q(t) > to for t > tk - T,, 
i = 1,2,. . . ,IL Set y(t) = z(t), tk - r, 5 t 5 tk, then we have 
y (t;) = 9(&f + &k~(~k) 1 Z(tk) + ~k(~(~k)) = Z (t;) . 
According to Theorem 3.2.1 in [12], 
holds and 
y ($+I) = !/ (tk+l) + bk+lY (tk+l) 2 x (tk+l) + Ik+l (X (tk+l)) = Z (t;+;l) . 
Similarly, by induction, 
Therefore, g(t) 2 z(t) for t 2 TV,.. The proof of Lemma 2 is complete. 
LEhlhJA 3. If (Ad)- hold, then every nonoscillatory solution of (I) tends to zero as t -+ cm. 
PROOF. Without loss of generality, we assume that z(t) is an eventually positive solution of (1). 
Take a sequence {tl} from {tj}y such that Ik(z($)) > 0 and choose corresponding sequence {Q} 
from {bj};“. Therefore, there exists a sufficiently large T > to such that 
z(t) > 0 and z’(t) 5 0, fort>T, tftk. (7) 
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That is, z(t) is decreasing in (t,, tj+r] for tj 2 T, j = ,772, nz + 1,. . . , with m E N. It is easy to 
see that z(t) is also decreasing in (t;?$+r] for t: I T, L Z 772. Hence, for t L t;, 
t(t) 2 % (t;‘) I (1 + b;.) z(ti) 5 (1 + b;].) z (t;_l’) 
<(l+b;f.)(l+b;_,)~~(l+b;)t(t;). 
(8) 
In view of (A5) and (8), there exists a constant ill > 0 such that t(t) < A1 for t > T. Now we 
claim that 
Iim inf z(f) = 0. 
t-+x, 
Otherwise, set 
lim inf z(t) = 1 > 0, 
t+cxr 
then there exists T2 I TI 2 T such that t - ri(t) > Tr, for t 2 T2, i = 1,2,. . . ,n, and t(t) 2 l/2 
for t 2 Ti. In view of l/2 < z(t) 5 1 and the continuity of f<(p), there exists b > 0 such that 
f;(z(t - r,(t))) 2 b for t 2 Tz, then from (l), we have 
0 = t’(t) + J?pi(t)fL(%(t - Tz(t))) 2 z’(t) + bgPi(t). 
i=l i=l 
Integrating from t to 00 with t Z Tz yields 
I- Af c b; - z(t) + b 
k+ 
which in view of (As) and (A ) 7 im pl ies a contradiction that completes our claim. 
Next, we prove limt_+cw, sup z(t) = 0. In view of (7) and the fact that lin~t_oo inf z(t) = 0, we 
can take subsequence {&.} from {tit_} such that 
Fc %(.&) = 0. (9) 
Simiiarly, take another subsequence {$j from {t;+) between <x_ and &+r such that limk-,, 
z(,Q) = hmt,,xl sup z(t). Assume that bi and 6: correspond to the moments &, %jk of impulsive 
effects, respectively. According to (1) and (7), it follows from: 
o< a($) I (l+i;;)z(qk) I (l+T+(rl;_l) I (l+@) (l+b;-,)...fl+b~)t(Sk) 
illld (9) that lini+,, c” ($) = 0. Therefore, we have lim ldoo z(t) = 0, which completes the proof 
of Lemma 3. 
LEMMA 4. Assume (AZ) holds, then the following two statements are equivalent. 
(i) 
has an ever&u&y positive solution. 
(ii) There exists EO > 0 such that for every E E [O, CO]? 
X’(t) + (1 - 6) epi(t)x (t - Ti(t)) = 0 
i=l 
w 
(11) 
has an eventually positive solution. 
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PROOF. (ii) 3 (i) is obvious. 
PROOF. (i) 3 (ii). If (10) has an eventually positive solution such that o(t) 2 0 for t 2 T 2 to. 
By Theorem 3.1.1 in [12], there exist functions P, y E C([t 0, oo), R) such that for any function 
6 E C( [to, oo), R) between 8 and y, the following inequality holds: 
D(t) I s(s(t)) I -f(t)* (12) 
where 
(13) 
h,(f) = min{to,t - I,}, H,(t) = maxjto, t - am}. Without loss of generality, we can assume 
(p(t) > 0 for t E [rtalto]. 
Set 
PI(t) = p(t), r1(t) = -f(t) - w(t), 
and for 6(t) between PI(~) and 71(t), set 
&(6(t)) = -(l - E) &,(t)~ 
i=l 
exp (-l,tt,J(rjnr). 
It is easy to see Sl(b(t)) > pi(t). 
Next, we prove 
sl(s(t)) I n(t). 
First, we have 
where H(t) = maxl<,<,{t - r,(t)}. -- 
If we want to prove (15), we only need to prove 
(14) 
(15) 
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In view of -P(t) > -r(t)> we only need to prove 
It is obvious that this inequality holds. Therefore, (15) holds. By Theorem 3.1.1 in [l2], equa- 
tion (11) hCas an eventually positive solution. This completes the proof of Lemma 4. 
Next, we give the main results. 
TiiEOREhr 1. Assume ~A~~-tAs~ Izold and there exists 6 > 0 sucfi that 
if (1) is oscj~~atory~ then (2,) is also osc&tory. 
PROOF. Otherwise, if (2) has an eventually positive solution y(t), then there exists tk such that 
According to Lemma 3, we have limt_cx, y(t) 
set 
z(t) = y(t)9 
then there exists a neighbourhood of tk such 
for t > tk -r,. 
-_ 0. 
tl;-r,<_t<t$~ 
that z(t) > 0 on it, and 
i--l i=l 
2 (t;) = X’ (tk) f Ik (x (tk)) = 9 (tk) + I&(&)) = j/ (tk+) . 
By Lemma 1, z‘(t) > y(t) > 0 for sufficiently large t, which contradicts the fact that (1) is 
oscillatory. The proof of Theorem 1 is complete. 
lim infm > 1, 
c1-0 fi - 
i=1,2 ,..., n, 
if (5) is oscili~tor3~, then (1) is afso osciflatory. 
PROOF. If (1) has an eventually positive solution z(t), then for every E > 0, there exists T > to 
such that 
fi(z(t - Ti(t))) 2 (1 - f)Z(t - Ti(t)): t>T, i=1,2 ,..., 72. (19) 
Then from (I), 
x’(t) + 2 (1 - t-)j&(t)z(t - q(t)) I 0, t # tl;, 
i=l 
2 (t;) - x(&f = ~k(~(~~)), k=1,2,..., 
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has an eventualiy positive solution. By Lemma 2, 
Z’(t) + 2 {l - c)&(t)Z(t - T<(t)) = 0, t#tk, 
has an eventually 
has an eventually 
has an eventually 
II: (tl) - Z(tk) = b&r (tk) ) k= 1,2,..., 
positive solution. According to Theorem 2 in [2], 
(21) 
x’(t) + 2 (1 - E)Pi(t) fl (1 f bk)-15(t - 7i(t)) = 0 (22) 
i=l a<tl<t-r,(t) 
positive solution. So, by Lemma 4, 
z’(t) + k&(t) fl (1 f bll.)-rt(t - ~j~t)) = 0 (23) 
i=l o<t&<t-r,(t) 
positive solution. Therefore, (5) has an eventually positive solution, which is a 
contradiction. The proof of Theorem 2 is complete. 
As a consequence of Theorems 1 and 2, we have the following results. 
COROLLARY 1. Assume (AI)- hold, and 
(24) 
tJ>e~ (1) is osci1Iator.y if and onJy if (5) is osciilatory. 
Next, according to Theorem 2 and some of the results in [12]> we give some explicit conditions 
for (1) to be oscillatory or nonocscillatory. 
COROLLARY 2. Assume (Arj-(As) and (18) hold, iet 
if either 
or 
lim i*f L,,, g t_ ,T[Io _<t (1 + bk)-lPi(s)ds > 5 
t-c% 
1- 7‘ _L 
hoJcJs: then (1) is oscilfatory. 
COROLLARY 3. Assume (AI)- and (18) are satisfied, let 
if 
then (I) has an eventuafIy positive solution. 
EXAMPLE. We consider the equation 
z’(t) + tx(t - 2)ezftm2) 
z (tl) - zfti;) 
= 0, t # tkt t 2 2, 
= &tk), k = 1,2,.... 
(25) 
(26) 
(27) 
(28) 
The associated linear differential equation is 
z’(t) f tz(t - 2) = 0. t # tkr t > 2, 
ZZT (t;) - 2(tk) = &(tk). k= 1,2,.... 
(29) 
It is easy to prove that (28) satisfies the conditions of Corollary 2, so (28) is oscillatory. 
1274 Y. Duxx et al. 
REFERENCES 
1. V. Lakshmikantham. D.D. Bainov and P.S. Simeonov, Theory of Impulsive D#erentiat Equations, World 
Scientific, Singapore, (1989). 
2. J. Yan and A. Zhao. Oscillation and stability of linear impulsive delay differential equations, J. iMath. Anal. 
Appl. 227. 187-194 (1998). 
3. J. Yu and J. Yan. Positive solutions and asymptotic behavior of delay differential equations with impulses, 
J. n4ath. Anal. Appl. 207, 388-396 (1997). 
4. J.S. Yu and B.G. Zhang. Stability theorem for delay differential equations with impulses, J. Math. Anal. 
Appl. 199. 162-175 (1996). 
5. J.S. Yu, Stability caused by impulses for delay differential equations, Acta Math. Sinica (N.S.) 13 (2), 
193-198 (1997). 
G. A. Anokhin, L. Berezansky and E. Braverman, Exponential stability of linear delay impulsive differential 
equations, J. Math. Anal. Appl. 193, 923-941 (1995). 
7. L. Berezansky and E. Braverman, Oscillation of a linear delay impulsive differential equation, Comm. Appl. 
~o~~~nea~ Anal. 3, 61-77 (1996). 
8. h1.B. Chen, J.S. Yu and J.H. Shen, The persistence of nonoscillatory solutions of delay differential equations 
under impulsive perturbations, Computers. 114&h. Applic. 27 (8), 1-6 (1994). 
9. A. Domoshnitsky and RI. Drakhin, Nonoscillation of first order impulsive delay differential equations with 
delay, J. Math. Anal. Appl. 106, 254-269 (1997). 
10. K. Gopalsamy and B.G. Zhang, On delay differential equations with impulses, J. A4ath. Anal. Appl. 139, 
110-122 (1989). 
11. A. Zhao and J. Yan, Asymptotic behavior of solutions of impulsive delay differential equations. J. Math. 
Anal. Appl. 201, 943-954 (1996). 
12. 1. GyBri and G. Ladas, Oscillation Theory of Delay Diflerential Equation with Application. Clarendon. 
Oxford. (1991). 
